Matrix representation of groups

The basis is comprised by the labels attached to objects.
For molecules the objects can be:

1. Atoms

2. Coordinates

3. Orbitals

4. Bonds

5. Angles

The number of basis functions or labels is called the
dimension.

For example, when considering molecular motions we
Can assign coordinates x, y and z to each atom. There
are three coordinates for N atoms to give a total
dimension of 3N.



Matrix representation of
the rotation operator

Xf cosa sina 0\ /X
(Yf) = (—sina cosa 0) (Yi)
Zf 0 0 1/ \Zj
Xf Xj —-1/2 V372 0\ /%
(Yf) = C4 (Yi) = _\/5/2 ~1/2 0 (Yi)
“f ’i 0 0 1/ \A



Matrix representation of
the reflection operators

Xf Xj 1 0 0\ /%X
(Yf) = Oy yz (Y]) = ( 0 1 0) (Yi)
Zf Zj 0O 0 1/ \%Z
Xf Xj 1 0 0\ /%
(Yf) = Oy xz (Yi) = (0 —1 0) (Yi)
Lg Z; 0 0 1/ \Z
Xf Xj 1 0 O Xj
(Yf) = Oy xy (Yi) = (O 1 0 )(Yi)
Lg Z; 0 0 =1/ \%Zi



Matrix representation of
the inversion operator

Xf Xj -1 O 0 Xj
(Yf) = E(Yi) = ( O -1 O )(Yi)
Lg Zj 0 0 =1/ \%4



Example: Motions of H,O

The basis vectors are shown for the three atoms of
water. Also shown is the result of the C, rotation:
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If we examine the oxygen atom the rotation matrix can
be formulated as:

X -1 0 O X
yj =1 0-1 O yl
ZJ i O O 1 11 Zl |




Motions of H,O

The basis vectors are shown for the three atoms of
water. Also shown is the result of the C, rotation:
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If we examine the oxygen atom the rotation matrix can
be formulated as:

Xjl [-1 0 0] x;
yj =1 0-1 O Yi
ZJ i O O 1_ _Zi_

The trace of this matrix is the sum of the diagonal
elements.



Motions of H,O

Since there are atoms the full matrix for H,O is a 9x9:
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The hydrogen atoms are not on the diagonal since the
atoms themselves are moved as a result of the C,

rotation.

The trace of this matrix is —1. This is also called the

character.
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9x9 matrix for C, rotation in H,0O

0 0 O
0O 0 O
0O 0 O

O O O O O O
O O O O O O

0
0
0
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0
0

O O O O O O

\Z3/






Motions of H,O

We can consider also the result of the o, mirror plane,
which is also a 9x9:

(x) (-1 0 0, 0 0 0 0 0 OYx)
v, | [0+ u 00 0 0 0 O0fvy,
| |0 0 4 0 0 0 0 0 0fz
xz| |0 0 0 i1 0 0 0 0 0fx
G|va|=|0 0 00+ 0 0 0 0fy,
| |0 0 0i0 0 Hi o 0 0z
x| |0 0 0 0 0 0 -1 0 Oifx,
%| [0 0 0 0 0 0 0+ DOy,
lzs/ L0 00 0 0 0 0 0 +fz,

None of the atoms are moved by the symmetry operation
so all of the submatrices representing the vectors lie
along the diagonal. For this operation the trace (also
known as the character) is +3.



S\ For 6,(yz), no atoms are moved so the matrix
/ ?3 representation is

0 0 0 0 0 O0]x)

0O 0 0 O 0 O]y

0O 0 0 O 0 0]z

X, 0O 0 O 0 0 O (x,

o, Y. |=10 0 0 0 0 0]y,
Z, 0O 0 O 0 0 0|z

X, 0O 0 0 O 0 O X4

Ys 0 0 0 O 0 O Y,

\z) (0 0 0 0 0 O \Z,/

9x9 matrices (!) like those above could serve as the representations
of the operations for the water molecule in this basis!



Fortunately, only the trace of this matrix Is required.
This sum is called the character, ¢ (R).
Here, y(c,) =3

(%, )




Conclusions for symmetry operations

We can conclude with 2 general rules:

1. Only those atoms, which remain in the place following
an operation can contribute to the trace.

2. Each atom contributes the same amount to the trace
since all of the atoms have the same 3x3 matrix.

Using these principles we can see that ,, has a
character of +1.

The identity always has a character equal to the number
of basis functions. Here E = 9.

Using the character of the 4 symmetry operations of the
C,, point group we can construct a representation I'.
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