Direct product

The direct product of two matrices is given by:

A A B B A«B A.-B
A B — [ 11 12] [ 11 12] — [ 11 12
OB=1a,1 Ayl @ [Bs Byyl = |AyB AyB

A11B11 A11B12 A1Bi1 A1Biy]
A11B21 A11Baz A2Ba1 A1By
Az1B11 Az1Biz AxBir ApyBgo
[Ay1Ba1 A21Baz AzBii ApaBis.

The direct product is used in all multi-spin treatments.



Spin-spin coupling

The direct product can be used to formally describe
products of two spins.

Ir(]z spin) _ 11(11 spin) ® E
ST(]Z spin) — E ® ST(]l spin)

where n = X, y or z. Therefore, the linear combination of
the two 4x4 matrices gives the correct description:

10 0 0]
2spin) , «(2spin) _ |0 0 0O 0
Iy 5y =lo 0 0 0
0 0 0 —1]




A closer look at the matrices

. (2spin) _ (1 spin)
1P = (P @ E

. . 1 O 0 0 |
11 0 1 01_+L10 1 0 O
=30 —d®lo 11=3[0 0 1 %
0 O -1
. (2spin) (1 spin)
Sn —E(X)Sn _

. . 1 O 0O O
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Treatment of scalar coupling

The fundamental rule in a two-spin system is
ABlij>=(AQB)([i>®|[j>) =Ali>® B|j >

A Is an operator that acts in the i spin and B is an
operator that acts on the j spin.

Scalar coupling Hamiltonian

}[O—}[ +}[]—2a)llz+2ﬂz z ]UI I

=1 j=i+1
For the two spin, IS, system we have

H = a)IIZ + (,()Ssz + 27'[]151 - S
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