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Hlckel theory introduction

Hlckel theory is an example of semi-empirical
approaches to the solution of the linear equations that represent
combinations of atomic orbitals. In the Huckel approach, one
assumes that the coulomb integral for a p-orbital in a ©-system
has energy o and the resonance integral between any two
adjacent carbon atoms is 3. The overlap integral S is often
ignored.

We have seen the initial steps of an electronic structure
calculation in the formation of symmetry-adapted linear
combinations of atomic orbitals (LCAOs). The application of
group theory can also be used to simplify the determinant used
to calculate the energy. The theory that uses this approach most
extensively is known as Huckel theory:.



Hlckel theory implementation

The following steps can be employed in Hluckel theory.
* Determine the molecular point group.

* Determine the normalized symmetry adapted linear
combinations (SALCSs) using the projection operator method.
» Use the SALCs to determine the elements of the Huckel
secular determinant det|Hi- _ S--EU| —0

« Simplify the mathematical formalism by letting H; = o and
= . Divide each element by  and let x = (o - E)/3

 For each eigenvalue solve for the eigenvectors

(coefficients). These are the contributions of each SALC to

the MO.
Z | Hl] S1] EU | C1]

The coefficients must obey 0 ]2 —1

the normalization condition. =



Huckel treatment of ethene

We can start with ethene, which can be treated using the
following determinant.

det[a_E P ]=0

p a—F

Thus, (a _ E)Z _ ﬁZ =0

By inspection we can see that the answer is,
Ey =atp

According to the semi-empirical aspect of the model, the
transition energy between the HOMO and the LUMO is 2.
Thus, one can compare with experiment and obtain a
value for f.



Huckel treatment of butadiene

The practical limitation to Hluckel theory is that the matrices
rapidly become too large to solve analytically. For this reason
group theory became an important part of the Hlckel
procedure. To illustrate this we will examine the case of
butadiene. There are four p-orbitals in butadiene.

Therefore, the determinant we need to solve is

a—E 0 0
B a—E [ 0
0 f a—E f

0 0 B  a—FE

This 4 x 4 determinant cannot be solved analytically.



Application of group theory

However, we can solve this problem using group theory. For
the present purpose we will assume that butadiene is in the
cis form as shown in the Figure . We can assign butadiene
to the C,,, point group and use the principles of group theory
to recast the 4x4 matrix of the secular equations into
symmetry adapted matrices. First, we identify the atoms in
butadiene that are related
by symmetry. The Figure
shows that the C, rotation : N
relates two symmetry E Cy o0 o(y2)
related groups of atoms

I 2 o -2 0
(2,3) and (1,4). Moreover
both of these groups have m /8—8\
shown in the Figure.

Set 1 Set 2
Carbons 1 and 4 Carbons 2 and 3

2 =3 Determine appropriate sets:
: 2 and 3 are symmetry related
1 : 4 1 and 4 are symmetry related




The structure of cis-butadiene and the division of the
molecule into sets of atoms that are related by symmetry.

Decompose into irreps

E C,, o(x2) o(yz) E C,, o(x2) o(yz)
I 2 0 -2 0 I 2 0 -2 0
A, 1 1 1 1 A, 1 1 -1 -1

Total 2 +0+ -2+ 0=0 | Total 2 +0 +2+ 0 =4

E C,, o(x2) o(yz) E C,, ox2) o(y2)
I 2 0 -2 0 I 2 0 -2 0
B, 1 -1 1 -1 B, 17 -1 -1 1
Total 2 +0 -2+ 0=0 |Total 2 +0 +2+ 0 =4

The order is 4 so the character sums are divided by 4.
The irreducible representations are:
I'=a,+ b,

Decomposition of reducible representation into the basis
vectors of the C,, point group.



Projection operators for butadiene

One is symmetric (a,) and one is anti-symmetric (b,) with
respect to C, rotation. We use the method of projection
operators to construct symmetry adapted linear
combinations (SALCSs) of atomic orbitals. This procedure
uses symmetry to create a LCAO.

Apply projection operators Apply projection operators
SALC;(bs) = po+ps+ps+p2 SALC4(by) = Py +py+py + Py
SALC,4(by) = 1 (p,+ ps SALC14(b,) = —=(p; + P,
V2 V2
SALC,5(a,) = p2—P3—P3+ P2 SALC (@) = p1—Ps—Pst Py
_ 1
{SALC.y(a,) = %{Pz_ ps) /8—8\ SALCy4(ag) = ﬁ[m _P4) 8/—\8



Symmetry Adapted
Linear Combinations

The importance of this method is that it greatly expands
the number of problems that can be treated with Htckel
theory without the use of a computer. Finally, we need to
combine the SALCs in each symmetry block. The total
wave functions are:

W, = SALCy4(ay) — SALCy3(ay)
W3 = SALC14(by) — SALCy3(b,)

lpz — SALCl_,_L ({12) + SALCZ3 (az)

W, = SALC,,(b,) + SALC,5(b,)



Evaluation of the integrals

The secular determinant can be calculated using the SALCs as
the basis.

1
Hyy = Ej(Pl + ps)H (p1 + py)dr

1
Hi; = E(f p; Hp; dt + f p.Hp; dt + fleP4 dt + f p.Hp, dT)
=«
1
H,, = Ej(Pz + p3)H (p; + p3)dr
1
Hp, = E(J‘ p.Hp, dt + f poHps; dt+ f psHp, dt + f pzHps dT)



Evaluation of the integrals

1
oo = 5 [ By + PH (o + p3)de

1
H,, = 5 (f p;Hp,dt+ f p;Hp;dt+ f p,Hp,dt+ J’ p.Hp; dT) =f

Hy; = Hy

1
H33 = Ej(pl — ps)H(p; — py)dr

1
Hy; = ) (J‘ p.Hp; dt— J‘ psHp; dt— f p;Hp,dt+ f psHp, dT) =



Evaluation of the integrals

1
Hyy = Ej(Pz — p3)H(p, — p3)dr

1
Hy, = E (f p,Hp, dt — f p,Hp;dt — f pzHp,dt+ f pzHp; dT)

1
Hay =5 [ (1 = M (b, = pa)de

1
Hy, = E (J‘ p;Hp,dt — J‘ p;Hpzdt — J‘ p.Hp,dt+ J‘ p.Hp; dT) =p

Hyz = H3y



The secular determinant

The secular determinant Is:

Hll —k H12 H13 H14
H21 H22 — Lk H23 H24
H31 H32 H33 —E H34
H4:1 H4:2 H4:3 H44 —Ek

Based on the foregoing analysis we see that there are
Two 2x2 blocks. Terms suchasH,, =H,, =H,;=0

a—E B 0 0
3 a+ P —E 0 0
0 0 a—E s
0 0 B a—B-E
Divide by pandlet ~ , _%—F



The Huckel simplification

X 1 0 0
1 x+1 0 0
0 0 x 1

0 0O 1 x-1

The upper determinantis: x(x+1)—1=0
X*+x—1=0

-1+V1+4 -1%+5
B 2 2
The lower determinant is: x(x—1)—1=0

X

X —x—1=0

_1i¢1+4_1i¢§
N 2 2

X



If we assume that the average energy is a = 0, I.e. the energy
of an isolated carbon p-orbital is our reference, then energy
energies of the MOs relative to that value are given in the

diagram below.

*/52”1[3: 1.62p

*/52‘ 15 =0.62p

-5+ 1p = 0.62p

—“F52_1B=—1.62B

Figure. Energy levels derived from the Huckel theory
analysis of cis-butadiene.



Determination of the eigenvectors

We see that there are two bonding orbitals with energies

more negative than 0 and two anti-bonding orbitals with more
positive energies.

The Huckel method can be used to obtain the coefficients for
the wave functions. Once the eigenvalues (i.e. the energies)
have been determined, these values are substituted back into
the matrix and then the coefficients are determined.

For the b, block, the eigenvalues are -1.62p3 and 0.62p. In
units of B the matrix is:

(5% _os2) (cn)



The matrix equation can only provide a relationship between
the coefficients between set 1 (p, and p,) and set 2 (p, and p,).

_1.62 Cl'l + C21 — 0
Cr,; = 1.62 ¢q4

The values can be established by including normalization:

2 2 _
Ci1“+ =1

c11% + (1.62¢c1)4 =1

‘11 T 3624
Cll = 05252 C21 — 08509
The lowest energy MO is given by:

_ c11(P1 + P4) + c21(p2 + p3)
V2

P, = 0.37p, + 0.60p, + 0.60p; + 0.37p,

¥y



The other root (0.623) gives
0.62 1 C13
( 1 1.62) (C23)
062 C13 + C23 — 0

C23 — _062 C13

Using the normalization condition:
c13% + (—=0.62¢43)° =1

¢,z = 0.8500 Cy3 = —0.5269
The lowest energy MO is given by:

E (p1 + pa) + C23(p2 + P3)
V2

qja — 0.60}_)1 - 0.37132 - 0.371)3 + 0.6013;_1_

RE



Using the same method, starting with the matrix of the a, block,

we have: « 1 Cis
(1 X — 1) (sz)

(5% L) ()

—0.62 ¢ +Cy =0
Cor = 0.62 5
Using the normalization condition:
c122 + (0.62¢45)? =1
c» = 0.8500 Co, = 0.5269

_ G2 (p1 — Pa) + c22(p2 — p3)
V2

W, = 0.60p, + 0.37p, — 0.37p; — 0.60p,

¥



Butadiene MQOs

Using a similar approach for the 1.62f3 eigenvalue, we find:

Plotting these wave functions using appropriate coefficient
weighting, we find.:
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Butadiene Energy

Huckel theory is known as a semi-emprical method.
The HOMO-LUMO transition energy is determined to be
1.24B. The value of the resonance integral, 3, can be
obtained from experiment using the measured HOMO-LUMO
transition energy.

The energy of the system can be obtained from the
calculation of the energies of the occupied levels. The total n-
electron binding energy Is given by:

NDCC

Epinding = Z IR

k=1
For butadiene, we find that

Epinging = (2)(—1.628) + (2)(—0.62B)
— _4.48p



Wolfsberg-Helmholtz approximation

Huckel theory is usually applied to the solution of 7-
systems. It can be extended to inblude the o-bonding
framework of the molecule. This approach pioneered Dr.
Roald Hoffman is known as extended Hickel theory. The
diagonal matrix elements, H;, can be estimated from
lonization potentials. However, the off-diagonal matrix
elements or resonance integrals must be determined in
some manner. One common method is to invoke the
Wolfsberg-Helmholtz approximation.

(H;i + Hy;)
i >

The parameter K is called the Wolfberg-Helmholtz parameter
and it is usually set equal to 1.75.



