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Classical Vibration of a Diatomic

As was the case for rotation, we can consider a simple

model of a mass on a spring attached to a wall of infinite
mass and a diatomic molecule as two simple examples.
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Harmonic approximation

V(Q)=V(Qo)+( Q)(Q Qy) + (@QV)(Q Qp)? +.

At equilibrium (%) 0

Assume terms higher than quadratic are zero
By definition
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Classical approach to
vibration

Solution is oscillatory
Any energy Is possible
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Classical vibrational motion

A particle undergoes harmonic motion if it experiences a
restoring force that is proportional to its displacement, x.

F =-kQ (k is a force constant)
F =-dV/dQ and V = 1/2kQ?.
The classical harmonic oscillator can also be written as:
0%Q(t)
M=
Solutions have the form of Q(t)= cos(wt).

These solutions imply that \f
W=

o mym,
Reduced massis =7 1 m,

+ kQ(t) =0




Classical potential function

The potential is V = 1/2kQ2, which is a parabolic function.
This potential is called a harmonic potential.
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Nuclear Displacement

The force constant K has units ot Newtons/meter (N/m) or
Joules/meter? (J/m?).

The angular frequency o = 2rtv, v is the frequency in Hz.




Quantum approach to the
vibrational harmonic oscillator

Solution 1s Gaussian

\ / Energy is quantized
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We can use a harmonic potential in the Schrodinger equation to
calculate the wave functions and energies of the vibrations of
molecules.
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Making the definitions,

B o _ 2k
y =VaQ wherea = - and € = —
Noting that
0% pw 07
002 h 0y?
we can write the equation as
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One approach to solving such an equation is to find an
asymptotic solution g(y) assuming that € ~ 0. Then, we can
assume that the true solution is the product of g(y) and a function
f(y). The asymptotic solution is:

f(y) can be a series expansion that will give different solutions
for various values of . A Gaussian function is an appropriate
trial solution for the this equation,

2
. = _y.?./z 0 —y2
Atrial = € W)ftrm! = (y?—1)eV/?
For large values of y we have
04 2
W)ftrml ~ yle V' /?

Thus, our trial solution for the general equation is
2
Xeriar = f(y)e™ /2



Substitution of the trial solution

In order to substitute this equation we need the derivatives.

We have a)ftria! (af f )
0y Y

and

92 ria 92 d 2
Xtrial ( f £+(}?2—1)f)€'_y /2

dy? dy?
Substituting this into the above equation gives us
Of 5,



Frobenius series

If we assume that f(y) has the form of a series

co

FO) =) ay"
Then the derivatives are
f
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Series solution of the equatlon

Z(n F 1)+ 2)an, )" — ZyZ na,y" ! +(e— 1) Z a,y" =0

Z((n +1)(n+ 2)a,;, +(e—1— 2:*1)&,”)}*” =0

n=0
Once we choose a value for ¢ there is one and only one
sequence of coefficients, a, that defines the function f(y).
Therefore, the sum can be zero for all values of y if and only if

the coefficient of each power of
n+1)(n+2)a,,, +(e—1—2n)a, =0

And y vanishes separately. Thus,
1+2n—e€

2T i Dm+2) "




Energies of the quantum oscillator

Rather than finding an infinite series (which would actually be
divergent in this case!) we will assume that the solution is a
polynomial that terminates after a finite number of terms, n.
The condition for the series to terminate is

Ans2 =0
or
1+2n—€e=0
which implies
e=2n+1

Therefore, from the above we have

1 1
E=E(2n+1)hm= (n—l—z)hm



Wave functions of the
guantum harmonic oscillator

Using the definition of o, the solutions have the form:

Xo = (g)lﬁL e—®Q%/2

1
% = () V2aee ™t

/4 (4aQ* = 2) _
w=() g



Vibrational wavefunctions

and energies
 Energy levels are given
by E, = (v +1/12)hw

* Typical energies are of
the order of 0 - 3200 cm-’

\/  Wavefunctions are
¥, = N,H,ev"2 where H,
s the Hermite polynomial

You should know the energy level formula and be
able to sketch the wave functions on the potential surface.



Solutions to harmonic oscillator

The Hermite polynomials are derivatives of a
Gaussian, y = a¥2Q Wk
0= "7

v H/(y) V

0 1 HY) = (—1)“ey2(i) e’
dy

1 2y o - -

2 4y2 —92 € normaliZation constant 1S

3 8y°-12y N, = 1

Vo Y22!

This information is provided for completeness.
It is not an exam topic.



Energy

The bonding electronic state
gives rise to a potential energy
surface for the nuclear motion

MRS

X1

Nuclear Displacement

The probabillity is
shown in the figure.

Solutions are
Gaussians multiplied
by polynomial functions.

o 1/2
= (=) V2aQexp(-aQ?/2}

a1/2

Xo = (—) exp{—aQ*/2}
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Energy

There Is a potential energy
surface that corresponds to each
electronic state of the molecule

e

Nuclear Displacement

The shift in the nuclear
displacement arises from
the fact that the bond
length increases in the

c* state compared to the
o state. We will show that
the overlap of the vibra-
-tional wave functions is
key to understanding the
shape of absorption bands.
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The zero point energy

ne lowest level is E, = 1/Zho
ne lowest vibrational level is not zero in energy.

nis is consistent with the uncertainty principle. If

atoms were completely still at absolute zero then we
would know both their position and moment to arbitrary
accuracy.

The width of the wavefunction is related to positional
uncertainty of an atom.

We call E, the zero point energy.



Polyatomic Molecules

There are 3N total degrees of freedomin a
molecule that contains N atoms.

There are three translational degrees of freedom.
These correspond to motion of the center of mass
of the molecule.

In a linear molecule there are two rotational
degrees of freedom. In a non-linear molecule there
are 3 rotational degrees of freedom.

The remaining degrees of freedom are vibrational.



There are 3N-6 vibrational degrees of
freedom in a molecule with N atoms

Three degrees of freedom are required for translation.
Three degrees of freedom are required for rotation.

For example, in H,O there are 9 total degrees of freedom
and 3 vibrational degrees of freedom.

In C;H, there are 36 degrees of freedom and 30 vibrational
degrees of freedom.

Exception: In linear molecules there are only 2 rotational
degrees of freedom and therefore the number of vibrations
IS 3N - 5.



The vibrational degrees of freedom
can be expressed as normal
modes.

All normal modes have the same form for the harmonic
oscillator wavefunction and differ only in the force
constant k and mass m.

"he total wavefunction is a product of normal modes.

ne total nuclear wavefunction for water Is y1%,% -

ne normal mode wavefunctions of water correspond
to the symmetric stretch, bend, and asymmetric stretch.
These are linear combinations of the stretching and
bending internal coordinates of H,0O.




Normal Modes of Vibration

Polyatomic molecules can be considered as a set of coupled
harmonic oscillators. Although this is a classical model we
shall see that it can used to interpret spectra using the
guantum-mechanical harmonic oscillator wave functions.
The collective motions of the atoms in a molecule are
decomposed into normal modes of vibration within the
harmonic approximation. The normal modes are mutually
orthogonal. That is they represent linearly independent
motions of the nuclei about the center-of-mass of the
molecule.



Cartesian equations of motion

> ov oV oV
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T is the kinetic energy and V is the potential energy
expressed as a Taylor’s series in x, y and z.



Mass-welighted coordinates

The equations of motion are:

N 3N
n; + j; a;n;=0o



Solutions

Trial solutions have the form:
N, = n’sin (x/xt + 8)

n; = ¥A1n’C0S (ﬁt + 8)

N, = —An’sin (ﬁt + 8)

These give a linear system of coupled equations:
3N

—Ani+ 2 amn; =0
j

=1
Which is equivalent to the matrix equation:

(A=2lm°=0

A is the matrix of coefficients. | is the identity matrix.
A are the eigevalues.



Diagonalization of the matrix

The general form of the matrix equations is

[ d;; d;, ... A, 0 0. \/m
8y 8y Ay 0 A, 0., _ 0
d3; Agp Az O 0O A

E /\m

There is a trivial solution in which all of the terms in the n°
column vector are zero. The interesting solution, however,

IS the solution for which the determinant of the matrix |A - Al|
IS equal to zero.

a;; a;, A;;... n,
1+ _1 dyy App A3 N
V= 2" AN V= 2(nl HERIE ) Az, Az, Agg... HE



Definition of normal coordinates

In fact, the procedure of finding det |A - Al| Is a matrix
diagonalization of A. To perform this diagonalization we
transform to normal coordinates Q, where:

3N
Q= kZ::l LN
In matrix form Q = L™y, which can also be written:

Q) [ lulalee |,

QZ 12 Voo I39... 1’]2 The Q are HOI‘maI
M coordinates
\Q.%} \ 13 123 133"+ ] {3

L is a unitary matrix; its inverse is equal to its transpose
L1 =L". The matrix L will diagonalize A.

2,0 O...
0 2,0...
0 0 X

L'AL = A =



Diagonalization of the matrix

The eigenvalues are

VA = o, = 2nv,

The kinetic energy Is:
T=1QLQ=1 15¢
5QLLQ=5Q'Q=5% Q'
3N
V = 1QLALQ 1QAQ 52 0MQf
The uncoupled equations of motion are now represented by

Q =Qisin (YAt +3)

These solutions represent collective motions of the nuclei.

Each Q contains simultaneous displacements of many
nuclei.



Internal Coordinates

Cartesian coordinates are less convenient than a
coordinate system defined in terms of the bonds, angles,
etc. of the molecule. Such a coordinate system is called
an internal coordinate system. Only motions relative to the
center-of-mass are included and thus there are 3N - 6
Internal coordinates for a non-linear polyatomic with N
atoms. For linear polyatomic molecules there are 3N - 5
Internal coordinates. The internal coordinates are

Stretch Ar

Bend A0

Torsion At

Wag Aw



Example: CO2

For example, for CO, we have the following internal
coordinates.
[ Ar,

AT,
A®,
\ A0,

R =

AO;




Example: CO2

For example, for CO, we have the following internal
coordinates.

V= %(krArf + Kk Ar2 + k,A02 + k A0 + Kk ,Ar,A0, ) +

%(kreArzAal + K (AT ,A0, + K (Ar,A0,+ K, Ar Ar, + )

2T=q=R'(BB")] R=R'G'R

det (FG — M) =0



Normal modes - CO,,

Q
©)

@
Symmetric stretch  Asymmetric stretch
v, 2289 cm- v; 2349 cm'l Bends
(Raman active) (IR active) v, 667 cm
(IR active)

There are 4 normal modes (3N - 5). Three of them
are infrared active since they show a dipole moment
change Iin their motion.



Normal modes - water

=N S N

Symmetric Stretch ~ Asymmetric Stretch Bend
v, 3825 cmt v5 3935 cmt v, 1654 cm

There are 3 normal modes (3N - 6). All of them are
iInfrared active since all show a dipole moment
change in their motion. The harmonic approximation
can be applied to each normal mode.



Vibrational
Transitions



The Dipole Moment Expansion

The permanent dipole moment of a molecule
osclillates about an equilibrium value as the
molecule vibrates. Thus, the dipole moment
depends on the nuclear coordinate Q.

1(Q) = o + (gg)m

where u Is the dipole operator.

o e o @& O




The Dipole Moment Expansion

The permanent dipole moment of a molecule
osclillates about an equilibrium value as the
molecule vibrates. Thus, the dipole moment
depends on the nuclear coordinate Q.

Q)= ot 36)0

where u Is the dipole operator.

o e o @& O




Vibrational transitions

Note that this result is a statement of the
vibrational selection rule. Within the harmonic
approximation transitions can only occur
between states separated by one quantum
number (Av =1 or Av = -1).

This general rule can be seen by considering

Integrals of the type shown in the previous
slide.



Transition dipoles

In order for infrared light to be absorbed the
polarization must be aligned with the direction

of the transition moment. For a vibrational mode
this Is determined by the directional change In
the dipole moment. This is shown below for

the bending mode of H,0.

<P P




Transition dipoles

The change in ground state dipole moment
during vibration interacts with light.

op
p = ( Qg )Q +
The first term Is static and does not contribute

to the transition. Calling the vibrational wave-
functions y; the transition moment is:

0
Mg = (agg)/ %1Q%0dQ,



Dipole derivatives

The vibrational wavefunctions y; are Gaussians,
thus the transition moment for transition from
vibrational state O to vibrational state 1 is
calculated on the next slide.

The transition dipole moment is proportional to
the dipole derivative. This is true for any
normal mode of vibration (i.e. harmonic).



Vibrational transitions

Vibrational transitions arise because of the
oscillation of the molecule about its
equilibrium bond configuration. As the
molecule oscillates infrared radiation can
Interact to alter the quantum state.

Mip = (gg)f OO Xy +1Qx,dQ

— 0



Mathematical note

Gaussian integrals have the solutions:

o

—ax? T
e dx = |—
4

— o0

A Gaussian times an odd polynomial has a
value of zero over the even limits of —Infinity to
Infinity. oo

J e~ xdx = 0
he even polynomials time Gaussians are not
Z€ero.




Mathematical note

For example,

o

je‘“xzxzdx=i il
2aNa

— o0

If we multiply any two adjacent vibrational
wave functions we obtain an odd function.
Therefore, the integral of this product Is zero.
We call this property orthogonality and we

say that the wave functions are orthogonal.



Mathematical note

For example,
f Xox1dQ =0

— Co

We can see this by plugging in the wave
functions.

(R mx/_ j Qexp{—aQ?}dQ = 0

However, if radiation can couple into the
Vibrations by the term

(70)°



Mathematical note

We have instead that

CO

(g_g) j?foQ)fldQ —0 2

We can see this by plugging in the wave
functions that

9 /2 r
(%) (g) V2a jQzexp{—an}dQ-#O
The result is an even function times a Gaussian,
which is not zero. Let’s investigate.

1



Vibrational transitions

As an example we can calculate the transition
moment between the statev=0and v = 1.

%o = (%) €0 1y = (%) V20 Qe
Mvib = [%)(%)1/2@100 e—aQZ/zQZe—aQZ/ZdQ
_ [0 \(a)v2 VT _[on) 1
- kaQ)(ﬂ:) @2(13/2 - (aQ)@



Vibrational transitions

Note that this result is a statement of the
vibrational selection rule. Within the harmonic
approximation transitions can only occur
between states separated by one quantum
number (Av =1 or Av = -1).

This general rule can be seen by considering

Integrals of the type shown in the previous
slide.



Vibrational Transition




Vibrational Transition




Vibrational Selection Rule

v=2
v=v+l ]

v=0




Comparison of harmonic and
anharmonic potentials

—— Anharmonic

—~ —— Harmonic

- . . —
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Internuclear Distance (A)



Overtones of water ~

Even in water vapor
v, ~ V4, but symmetries v, Symmetric stretch 3825 cm™
are different, I’y = T'5.
However, the third overtone
of mode 1 has the same
symmetry as the combination
band

I, I =T 1515, v, bend 1654 cm™
Strong anharmonic coupling

leads to strong overtones

at 11,032 and 10,613 cm-L. s A
These intense bands give
water and ice their blue color.

vy asymmetric stretch 3935 cm™



Frequency shift due to

molecular interactions

Hydrogen bonding lowers O-H force constant
and H-O-H bending force constant.

vapor — liquid
v v, 3825 — 3657
- W v, 1654 — 1595

~ 3935370




